Abelian integrals arise in the mathematical description of various physical processes. According to Abel's theorem these integrals are related to motion of a set of points along a plane curve around fixed points, which are relatively little used in physics applications. We propose to interpret coordinates of the fixed points either as parameters of exact discretization or as additional first integrals for equations of motion reduced to Abelian quadratures.
Introduction
Most of the modern treatments about Abels theorem use the Riemanian ideas and, therefore, in modern textbooks Abel's Theorem looks like:
Modern version of Abel's theorem: Let X be a compact Riemann surface and D a divisor of degree zero on X. Then D is the divisor of a meromorphic function on X if and only if µ(D)=0 in the Jacobian of X. Here µ : DivX →JacX is an Abel-Jacobi map, so that if µ(D) = 0, there is a collection of paths λ k from base point P 0 ∈ X to points P k so that
This theorem has well-known roots in classical mechanics. Indeed, in 1694 James Bernoulli studied the curve for which time taken by an object sliding without friction in a uniform gravity to its lowest point is independent of its starting point, and introduced integrals which can not be expressed in terms of elementary functions. Similar integrals were discovered in attempts to rectify elliptical orbits of planets, so such integrals became known as elliptic integrals. Later, Euler and Lagrange provided an analytical solution to the tautochrone problem and also applied the addition law for elliptic integrals to the search of algebraic trajectories among transcendental ones in two fixed center problem [3, 9] . Therefore it is not surprising that Abel in his Mémoire [1] studies integrals of algebraic functions using rational time parametrisation of a plane curve and motion of variable points along this curve, see historical remarks in [5] .
Original version of Abel's theorem: A set of k points (x j , y j ) moving along plane curve X can be subjected to a finite number of algebraic constraints in such a way that a sum of indefinite integrals ω(x 1 , y 1 )dx 1 + ω(x 2 , y 2 )dx 2 + · · · + ω(x k , y k )dx k (1.1)
can be expressed in terms of algebraic and logarithmic functions of coordinates (x j , y j ) of the moving points provided these coordinates satisfy the constraints. Algebraic constraints are independent of differentials ω(x, y)dx and, according to Clebsch and Gordan, we can replace the "algebraic constraints" on "coordinates of fixed points". In this geometric interpretation of Abel's result, we consider the motion of the auxiliary plane curve Y around fixed points so that sum of indefinite integrals (1.1) is expressed in terms of algebraic and logarithmic functions of coordinates of the moving points. Fixed points belong to X or lie outside X, in both cases a minimum number of fixed points on X and outside X is the genus of curve X.
In classical mechanics, motion of points on a projective plane gives rise to motion in a phase space M . Coordinates of the fixed points on X are functions on M which could be:
• first integrals of an integrable system on phase space M ;
• parameters of integrable discrete map M → M .
Coordinates of the fixed points outside the curve X are some numerical parameters labelled Poisson maps M → M , which are efficient to study relations between various integrable systems [14, 15, 16] and to construct new integrable systems [17, 18, 19, 20] .
Thus, original version of Abel's theorem describes movement of axillary plane curve Y around a set of fixed points. In this note we want to discuss possible applications of intersection divisors of X and Y in the theory of finite-dimensional integrable systems.
For example we take cubic curve X defined by a short Weierstrass equation
and consider swing of the straight line
around fixed point P 3
Figure 1: Motion of points P 1 and P 2 around fixed point P 3 on X governed by equations of motion
associated with a differential ω = dx/y of the first kind or a holomorphic differential on X. These equations of motion in the projective plane were introduced by Lagrange in his proof of Euler's additional law for generic elliptic curve. All the details of his proof can be found on page 144 of the Greenhill's textbook [4] and in [5] . At any time three points P 1 , P 2 and P 3 lie on Y , i.e. satisfy equation in DivX
where + and = are addition and linear equivalence of divisors on X. This equation is an algebraic constraint from the original version of Abel's theorem. Similarly we can study motion of the auxiliary plane curve around arbitrary fixed points outside curve X. For instance, let us take parabola Y ′ defined by an equation of the form satisfy the following equation
Fixed point P 3 does not belong to X and, therefore, equation (1.5) does not involve this point in contrast with equation (1.4). In [19] instead of equation (1.5) in DivX we consider equation in DivY
which can also be related to the sum of Abelian integrals. Below we want to discuss possible applications of equations (1.4) and (1.5) in classical mechanics. Our main aim is to prove that arithmetic equation in DivX can simultaneously generate a superintegrable system and a discrete integrable map. All the examples below will be related to cubic curve X in the Weierstrass form (1.2).
Abel's sums with holomorphic differentials
Let us rewrite equation (1.4) in its expanded form. At any time coordinates of two points P i and P j determine coefficients
and coordinates of third point P k
In classical mechanics coordinates of movable points P 1 = (x 1 , y 1 ) and P 2 = (x 2 , y 2 ) can be identified:
• for dynamical system with one degree of freedom with coordinates (q, p) on phase space M at two different times
• for dynamical system with two degrees of freedom with coordinates (u 1 , p u1 ) and (u 2 , p u2 ) on phase space M at the same time
In the first case we rewrite equation (1.4) in the form
and interpret it as a discrete map P (t n ) → P (t n+1 ) depending on some fixed parameter P 3 .
In the second case we rewrite equation (1.4) in the form
and interpret it as a definition of the additional first integral P 3 . Thus, discretization and superintegrability have all combined into one arithmetic equation in DivX.
Integrable discrete map
Let us consider Lagrange equation of motion (1.3) on a cubic curve (1.2)
This equation appears when we take the Hamilton function
and canonical Poisson brackets {q, p} = 1, which define Hamiltonian equations of motioṅ
At H = b these equations are reduced to (1.3). The same Lagrange equation (1.3) appears when we consider the motion of the symmetric heavy top. In the Lagrange case equation for nutation γ 3 (t)
is also reduced to (1.3), see [9] and [7] . Here c, h and k are the values of the corresponding integrals of motion. According [21, 22] equation (1.4) is a finite-difference equation, which determine exact two-point discretization of equations of motion (2.10) or (2.11). Indeed, substituting (2.7) and i = 1, j = 3, k = 2 into (2.6) one gets
If we also put in x 3 = λ n and y 3 = λ 3 n + aλ n + b, we obtain an iterative system of 2-point invertible mappings M → M depending on a family of parameters λ k
It is the so-called exact discretization of the equations of motion (2.10) preserving the form of integrals of motion and Poisson bracket, see e.g. [18, 19, 21, 22, 24] .
Proposition 1 Equation (1.4) in DivX yields an integrable discrete map on phase space M → M , dimM = 1, preserving the form of integrals of motion and the canonical Poisson bracket.
Here we explicitly present the exact discretization of motion in cubic potential and of motion of the Lagrange top associated with elliptic curve in the Weierstrass form (1.2). In similar way we can take an elliptic curve in the Jacobi form
and obtain exact discretization of the Duffing oscillator [21, 22] and of the Euler top [23] .
Superintegrable system with two degrees of freedom
If we identify abscissas and ordinates of points P 1 and P 2 with canonical coordinates (2.8) on phase space M and solve a pair of equations (1.2)
with respect to a and b, we obtain two functions on the phase space a = p 2 u1 13) which are in involution with respect to the canonical Poisson bracket
Taking H = a as a Hamiltonian, one gets integrable system on phase space M = T * R 2 with Hamiltonian equations of motionu 14) which are reduced to quadratures
and
According Euler and Lagrange [3, 9] , the first quadrature determines parameterization of trajectories, whereas the second quadrature determines the form of trajectories. Thus, we can use first quadrature for discretization of time variable and second quadrature to the search of algebraic trajectories associated with additional algebraic integral of motion. We identify second quadrature (2.16) and the corresponding Abel's sum with equation (1.4)
Substituting (2.8) and i = 1, j = 2, k = 3 into (2.6) one gets additional first integrals of equations of motion (2.14)
Functions a, b (2.13) and functions x 3 , y 3 (2.17) on phase space M = T * R 2 form an algebra of integrals Proposition 2 Equation (1.4) in DivX describes a representation of the algebra of integrals (2.18), i.e. superintegrable system on phase space M , dimM = 2.
First equation in (2.17) is nothing more than an additional law for the Weierstrass function
and, therefore, algebra of the first integrals coincides with well-know relations between Weierstrass ℘-function and its derivatives, see [2, 4, 6] .
After canonical transformation of variables
these first integrals look like
Similar superintegrable systems on the plane with quadratic Hamiltonians
and cubic first integrals are discussed in [10, 11, 12] .
Other representations of the algebra of first integrals
Below we consider the arithmetic equation
and Abel's sum with holomorphic differentials involving more than three terms
Different exact discretizations of Hamiltonian and non-Hamiltonian equations of motion associated with such arithmetic equations in DivX are discussed in [18, 19, 21, 22, 23, 24] . Superintegrable systems associated with the same arithmetic equations are discussed in [25, 26] . These superintegrable systems can be considered as different representations of the algebra of integrals (2.18) {a, b} = 0 , {a,
labelled by two integers n and m. Here f ′ is a derivative of function f from the definition of elliptic curve X : y 2 = f (x). Indeed, let us make a trivial non-canonical transformation
in the separated relations (2.12) [25] . Solving the new separated relations
with respect to a and b, we obtain two functions on the phase space 20) which are in involution with respect to the canonical Poisson bracket. Taking H = a as a Hamiltonian, one gets Hamiltonian equations of motion (2.14 )
Substituting p u1 and p u2 from (2.19) into (2.21) we obtain equations
which are reduced to quadratures
and n du 1
Second quadrature is the homogeneous Abel's sum associated with an arithmetic equation in DivX
Coordinates of the fixed point P 3 = (x 3 , y 3 ) 
where ψ k (x, y) are the so-called division or torsion polynomials in a ring Z[x, y, a, b], see [8, 27] . The first four polynomials are defined explicitly as
the subsequent polynomials are defined inductively as
Using these division polynomials we can easily calculate integrals of motion (2.23). For instance, at n = 2 and m = 1 additional first integral x 3 is a rational function of the form
At n = 3 and m = 1 the additional first integral is equal to
In both cases of m = 2 and m = 3 four integrals of motion a, b (2.20) and x 3 , y 3 (2.23) form the algebra of integrals (2.18), same as in the previous case at n = m = 1. We suppose that it is also true for any n and m.
Proposition 3 Equation (2.22) in DivX describes representation of the algebra of integrals (2.18) labelled by two integers n and m, i.e. superintegrable system on phase space M , dimM = 2.
Other examples of superintegrable systems associated with Abel's sums including holomorphic differentials may be found in [11, 12, 13, 25, 26] .
Abel's sums with non-holomorphic differentials
Let us consider the motion of parabola Y ′ defined by an equation of the form
around fixed point P 3 = (0, c), see Fig.2 . If P i (t) and P j (t) are two movable intersection points of parabola Y ′ with cubic curve X (1.2), then
due to Lagrange interpolation of parabola using three points P i (t), P j (t) and P 3 . Equation (1.5)
can be considered as a discrete map in DivX
because coordinates of the remaining two movable points P ℓ and P m are easily expressed via x i , x j and y i , y j . Indeed, according to Abel [1] abscissas x ℓ and x m are roots of the so-called Abel polynomial
whereas ordinates y ℓ and y m are equal to
As mentioned above, discrete map in DivX generates an integrable discrete map on phase space M .
Integrable discrete map
Let us come back to the integrable system with two degrees of freedom defined by integrals of motion (2.13)
These integrals are in the involution with respect to the Poisson brackets
labelled by two arbitrary functions ϕ i (u i , p ui ). The corresponding Poisson bivector reads as
Taking H = a as a Hamiltonian, one gets an integrable system on the phase space M = T * R 2 with Hamiltonian equations of motion (2.14) which are reduced to quadratures (2.15) and (2.16).
In the previous Section we use second quadrature (2.16), i.e. Abel's sum with the holomorphic differential on X du 1
to construct the additional first integrals. These integrals x 3 and y 3 coincide with coordinates of the fixed point P 3 on X, the existence of additional algebraic integral of motion guarantees an existence of algebraic trajectories, see Euler paper [3] . In order to construct a discrete integrable map M → M we have to take first quadrature (2.15), i.e. Abel's sum with non-holomorphic differentials
and interpret equation (1.5)
as a discrete map relating pairs of movable points at t n and t n+1 , respectively:
For brevity, we omit dependence on time below. Thus, let us identify variables on phase space M with affine coordinates of two movable points P 1 and P 2 on a projective plane
Coordinates of remaining movable points P 4 and P 5 are some other variables on M
Here we change sign before ordinates y 4,5 in order to rewrite the equation (1.5) in the following form
At c = 0 in (3.25) and (3.26) one gets
Thus, we have an integrable discrete map on the phase space M
preserving form of the integrals of motion (2.13) and form of the following Poisson bivector
which belongs to a family of compatible Poisson bivectors (3.27).
Proposition 4 Equation (1.5) in DivX yields an integrable discrete map M → M , dimM = 2, preserving the form of integrals of motion and one of the compatible Poisson bivectors (3.27) .
Other examples of the Poisson maps associated with differentials xdx/y and x 2 dx/y on an elliptic curve may be found in [17] .
Construction of integrable systems with higher order polynomial integrals of motion
If we identify canonical variables on M with affine coordinates of movable points in the following way
we determine canonical transformation ρ ′ : M → M preserving standard Poisson bivector
This canonical transformation is defined by the same relations (3.24), (3.25) and (3.26) .
Usually coordinates u 1 , u 2 are standard curvilinear orthogonal coordinates on the plane, sphere or ellipsoid, whereas new canonical coordinates v 1,2 and p v1,2 are images of the curvilinear coordinates after some integrable Poisson maps. In [17, 18, 19, 20, 24] we used these coordinates to construct new integrable systems in the framework of the Jacobi method.
For instance, let us take coordinates v 1,2 and momenta p v1,2 defined by (3.25-3.26 )
Substituting these variables into the separated relations
one gets integrable systems with polynomial integrals of motion
which are polynomials of second and fourth order in momenta. It is easy to prove that this Hamiltonian has no integrals of motion which are polynomials of first, second and third order in momenta. Thus, we obtain new non-trivial integrable system on a plane with natural quadratic Hamiltonian H = T + V and quartic second integral of motion. Integrable metric
belongs to a family of integrable and superintegrable metrics from [17] . Here we add new potential V to the known kinetic energy T = g ij p 1 p j .
Conclusion
In modern textbooks Abel's Theorem provides a necessary and sufficient condition for the existence of meromorphic functions with prescribed zeros and poles on a compact Riemann surface X. As is well known, this problem is equivalent to existence of a parallel section for some complex connection in the holomorphic line bundle of the divisor. It is far from anything in original Abel's works, although we continue to call it the Abel theorem. If we come back to original Abel's theorem we can find many applications of this theorem in physics. Indeed, many equations of mathematical physics are reduced to Abel's quadratures using orthogonal curvilinear coordinates or more exotic variables, for instance, variables of separation for the Kowalevski top. The same Abel's quadratures describe motion of points on plane curve X around fixed points. It is natural to question about the role of these fixed points in physics.
We interpret the fixed points on a projective plane as parameters of integrable discrete maps or as additional first integrals for superintegrable systems. It allows us to describe different phenomena in classical mechanics using common mathematical formulae.
In this note our main aim is to discuss the difference in interpretations of Abel's sums with holomorphic and non-holomorphic differentials associated with fixed points on X and outside X. For this purpose, we use the simplest Weierstrass form of elliptic curve X. Next publication will be devoted to construction of 3D and 4D non-maximally superintegrable systems associated with more complicated hyperelliptic curves and to discussion of the corresponding algebras of non-polynomial integrals of motion.
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